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Abstract

Employment/wage polarization has been a popular topic in labor theory,

given its important implication in equality and wealth distribution of the soci-

ety. While the literature has focused on the demand side of labor market, the

recent empirics require us to look at the supply of labor as well. Particularly,

no clear explanation about why college enrollment (supply of skilled labor) is

stagnant despite rising college wage premium has been provided. Using the the-

oretical framework of the sequential job search model, we analyze the optimal

skill-upgrading decision of agents which are heterogeneous in skills, and pro-

vide a simple calibration to the United States’ wage distribution over 3 decades

to show that increasing polarization could hinder people’s decision to upgrade

their skills by worsening job prospect for lower-middle skill workers. 1

1 Introduction

This paper is motivated by the following stylized facts about the U.S. economy since

the 1980s :

• College wage premium has been steadily increasing since 1980s; yet the supply

of college graduates has slowed down from 1987 to 2007.

• At the same time, the U.S. economy has experienced ‘job polarization,’ which

entails the disappearance of middle-skill jobs and increasing employment for

both low-skills and high-skills. Job polarization accompanies ’wage polariza-

tion,’ the widening gap between high-skill and low-skill income.

• The labor force’s response to polarization is changing: prior to 2000, the

middle-jobs lost are replaced mainly by higher skill jobs, while the opposite is

true from 2000 onward. (See figure 1.)

1I first and foremost would like to thank Professor Mikhail Golosov for his useful and timely
advice that guided the approach for many parts of the paper, Professor Richard Rogerson for
his introduction to search theoretic models in ECO 503 and recommendation of polarization as a
research interest, Gabriel Tenorio for frequent support throughout the year, and David Autor for
his clean data set.
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More specifically, the college wage premium has risen by 20% from 1987 to 2007.
234(See figure 2.) With that level of premium growth, our normal intuition expects

strong growth in the supply of college graduates. The data, however, demonstrates

otherwise. Between 1987 and 2007, the percentage of 25- to 29-year old adults who

have attained some bachelor’s degree only grows from 22% to 29.6%, in which most

growth happened prior to 2000, and the percentage in 2007 is roughly at the same

level as in 2000. (See figure 3.)

Figure 1: Non-monotonic job polarization in the U.S. from 1980 to 2008

This stagnant growth of the supply of high skills occurs simultaneously with

‘job-polarization’ in the US labor market. Since 1980, computerization and the

adoption of automatic technology have allowed employers to replace routine jobs 5

(which is middle skill, middle wage) with automatons. Dealing with job polarization,

the displaced middle-skill, middle-wage workers have to either upgrade their skills

(by going to college or training programs) to take higher-skill, higher-wage jobs, or

alternatively, accept lower-skill, lower-wage jobs. Prior to 2000, the choice of skill-

2data from Current Population Survey
3College wage premium = medium annual wage of college graduates / medium annual wage of

high school graduates
4We decided to exclude the Great Recession to avoid potential irrelevant distortion to our anal-

ysis
5This term was coined in Autor et al. (2001). The paper argues that jobs can be categorized

into ‘manual non-routine tasks’ (such as waiters or caretakers, usually associated with low-skill,
low-wage jobs), ‘cognitive non-routine tasks’ (such as doctors or engineers, usually considered as
high-skill, high-wage jobs) and ‘routine (manual and cognitive) tasks’ (such as construction workers,
secretaries, etc, often being the middle-wage jobs). The conclusion of the paper says that most jobs
lost during polarization are the routine tasks (middle-wage, middle-skill).
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Figure 2: The widening wage differentials between college graduates and high-school
graduates

Figure 3: Bachelor Degree Attainment has Stagnated Since 2000 (Data: Current
Population Survey)

upgrading by training or going to college was dominant among middle-skill workers.

However, the alternative (of simply accepting the worse-off, low-wage, low-skill jobs)

has taken over in the past decade. There arises the question of why people’s choices

of skill-upgrading have changed over time.

There is a strong consensus in the literature about that increasing college wage

premium is due to both increasing demand and slowing down supply of skills, and

that increasing demand can be explained by SBTC. However, Not much work has

been done to explain why supply of skills, equivalently college enrollment, has slowed

down. This paper tries to look at the supply side and argues that job polarization

causes not only increasing demand, but also stagnant growth in supply of (high)

skills. In particular, we prove that if workers are heterogeneous in skills and if
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education6 only extends agent’s current skill level to a certain limit (that is, a 30th

skill percentile worker cannot become a 90th skill percentile by obtaining education),

then job polarization reduces the growth of college enrollment. The basic intuition

is that workers who are at the lower end of the middle-wage group (say, a worker A

at 40th skill percentile) cannot reach the job offers in the high-wage group (60th skill

percentile or more) because education is limited. Therefore, when job polarization

removes the middle-wage jobs (from the 40th and 60th skill percentile), the value

of education to A has become much less attractive.

Of course, the validity of this analysis depends largely on whether the jobs

disappeared require college education or not. If the jobs disappeared can be obtained

with just high school degree, then there is hardly any need to upgrade skills in the

range of polarization. We provide a chart in figure 4 to demonstrate that the jobs

lost due to polarization, from 30th to 70th percentile, indeed require a good amount

of college education on average. The chart was produced using the 1990, 2000, and

2008 Census Integrated Public Use Microdata Series (IPUMS). As we can see, on

average, a job within the 30th and 70th skill percentile requires 13 to 14 years of

education. For simplicity, if we assume that there are only two types, college (16

years) and high school (12 years), then the average of 13 to 14 indicates that 25% to

50% of jobs disappeared were previously held by high school graduates, an amount

significant enough to motivate this analysis.

Our theoretical analysis is built from the sequential job search model originated

in the 1970s by Mortensen and Burdett. We decided to develop on this model

instead of the Diamond-Mortensen-Pissarides (DMP) style random-search matching

and bargaining model because wages in this class of models are posted ex-ante. We

believe that if job polarization is caused by exogenous factors (e.g. computerization

and technology growth), middle-wage job losers are less likely to be in a position to

bargain for wages. Hence, it seems more natural to use a model with ex-ante posted

wages.

Our extension to the classic model includes (1) agents are heterogeneous by

skills, (2) each agent can only earn up to a maximum wage, which depends on his

skill (low skill - low maximum possible wage), and (3) education has limited effects.

In this setting, if education is costly, an exogenous change of the wage distribution

(due to job polarization) changes educational attainment decision of agents in the

economy. Those who are nearer to the high-skills will choose to obtain education,

6From now on, we use the term education and skill-upgrading interchangeably.
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Figure 4: Average Years of Education by Skill Perentile

since additional education values more to them. On the other hand, those who

are at the lower end of the middle-wage jobs will opt not to take on education,

because the jobs that they can get using the extra skills are disappearing. Finally,

if the amount of people who choose to move up the ladder is not sufficient to satisfy

the growing post-polarization demand for high-skills, simple supply and demand

analysis increases the college wage premium, which is what we observe in the data.

2 Literature Review

The trend of polarization and the rising college premium was first noted in the late

1990s. Acemoglu (1998) provides a theory that new innovation is skill-biased, i.e.

it requires more high skill labor and less of low skills. The combination of so-called

’Skill-Biased Technological Change’ (SBTC) and high supply of skills cause rhe

kind of job polarization that we observed pre-2000, which happened mainly at the

upper tail of the wage and skill distributions (Acemoglu, 2000). While the theory is

sound and consistent with the data prior to 2000, it is no longer consistent with the

stagnant supply of high-skills after 2000. We are observing growing job-polarization

without the increase in supply of high-skills as these models predict.

Subsequent works about job polarization mainly consider polarization to be
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caused by exogenous factors, e.g. computerization (see (Autor et al., 2001) and

(Autor et al., 2006)), and focuses solely on its impact on the demand for skills. The

literature which looks at demand for skills consists of two main components: those

who focus on increasing demand for high skills pre-2000 (e.g. Acemoglu (1998), Ace-

moglu (2000)) and the more recent literature on increasing demand for low skills

after 2000 (see Autor and Dorn (2013)). The latter literature explains why the

growth in employment at the lower-tail of the skill-distribution has dominated its

counterpart in the upper-tail since 2000, citing the increasing consumer’s preference

for variety and the growth of service occupations. However, recent empirical evi-

dences in Education has proved that only looking at the demand for skills is not

enough. Card and Lemieux (2001) finds evidence that rising tuition costs indeed

affects schooling decision of high school graduates. (Goldin and Katz, 2007a) and

(Goldin and Katz, 2007b) confirms that the rising college wage premium results

not only from strong secular growth in demand for skills, but also from stagnant

growth in supply for skills. Autor (2010) states that it is important to understand

the behavior of workers on the supply side as well, given that there seems to be

much incentive for skill-upgrading.

Despite the great need to investigate supply-side behavior, the literature has been

rather limited. Ljungqvist and Sargent (1998) was among the first to incorporate

human capital into a theoretical model of job search. However, acquiring/losing

human capital in this model is a stochastic process, not a choice variable as we

would want. (Jaimovich and Siu, 2012) presents a model with the possibility of

skill-upgrading. However, with only two types M (middle-skill) and H (high-skill),

we deem it (1) inconsistent with empirical polarization literature, which looks at a

range of skill percentiles, and (2) insufficient to portray the effect polarization might

have on the many different skill levels.

In order to model the effect of polarization on job-seekers’ education decision,

we build on the search-theoretic model pioneered by (Mortensen, 1987) and (Bur-

dett, 1978). While this model allows us to derive each individual’s optimal em-

ployment/unemployment/education decision rule each period, it also can be used

to analyze aggregate variables such as unemployment rate, as shown in (Rogerson

et al., 2005).
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3 The Model

3.1 Benchmark Model with Heterogeneity of Skills

Let us first consider a model of job search without education attainment to see how

a model with heterogeneity of skills differs from the classic homogeneous-agents

model, and derive a basic framework for our later analysis.

An agent in the economy seeks to maximize, in discrete time, his expected utility

at time t = 0, i.e.

max
ct

E0

[ ∞∑
t=0

βtct

]
where β ∈ (0, 1) is the future discount factor. In each period, the agent is either

employed at wage w or unemployed. In each period that the agent is employed, he

consumes his entire income: ct = w. Otherwise, in each period of unemployment,

agent receives unemployment benefit ct = b (b exogenous). Note that here we

assume risk-neutrality for all agents, but the case of risk-averse agents can be shown

to reduce to our specification under complete market (Rogerson et al., 2005).

At each time period t, the agent draws and receives a job offer of wage w that

is independent (of his past and of others’ draw) and identically distributed from

a wage distribution F (w) that is common across all agents in the economy, with

supp(F (w)) = [0, w̄]. As an extension to the current literature, we now assume that

each agent has a unique skill level s ∈ [0, w̄], with the interpretation of s being

the upper limit for wage: he cannot receive a job offer that pays more than s in

any period. After receiving a job offer, agent will then decide whether to accept

the offer, or decline and stay unemployed. After each period, a currently employed

agent can keep his job with probability λ (and be fired with probability 1− λ).

3.2 Optimal Decision Rules

We can solve this dynamic optimization problem using the recursive method. Agent

s’s Bellman equations are:

W (w, s) = w + β[λW (w) + (1− λ)U ] (1)

U(s) = b+ β

s∫
0

max{W (w), U}dF (w) (2)
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Here, W (w, s) is the agent’s value function when being employed at wage w,

and U is his value function when unemployed. Implicitly, these two value functions

depend on the skill limit s. The integral in the expression in U represents his

expected future utility from a random draw of new job offers from F (w), capped

above by s - the maximum amount he can get paid given his skill. Since there is no

interaction between agents in the decision rules, we can write our equations without

an argument s for now: W (w, s) = W (w), U(s) = U . Solving explicitly for W (w)

from (1):

W (w) =
w + β(1− λ)U

1− βλ
(3)

Clearly, ∂W (w)
∂w = (1 − βλ)−1 > 0, so W (w) is an increasing function in w. As a

result, every agent of skill s employs a reservation wage strategy: there ∃wR(s) :

agent i accepts the job offer of wage w if and only if w > wR(s).

w

U

W (w) = w−β(1−λ)U
1−βλ

w∗

To characterize W (w) and U , we first solve for the reservation wage wR. Note that

at this wage, the two functions are equal:

W (wR) = U ⇔ wR + β(1− λ)U

1− βλ
= U ⇔ wR + [β(1− λ)− (1− βλ)]U

1− βλ
= 0

Therefore:

wR = (1− β)U (4)

Note that from equation (2), subtracting βU
s∫
0

dF (w) from both sides, we have:

U − βU
s∫

0

dF (w) = b+ β

s∫
0

max{W (w)− U, 0}dF (w)

8



Using the fact that W (w)− U > 0⇔ w > wR, we rewrite the expression above as:

U · [1− βF (s)] = b+ β

s∫
wR

(W (w)− U)dF (w)

Now, using (3) and (4), we can derive an equation to implicitly characterize wR:

wR(s) =

b+ β
1−βλ

s∫
wR

(w − wR)dF (w)

1−βF (s)
1−β

(5)

Now we are ready to derive our first results:

Proposition 1: An agent who has higher skill has a higher reservation wage,

i.e. wR(s′) > wR(s) for any 0 ≤ s < s′ ≤ w̄.

Proof: First assume wR(s) = wR(s′), s′ > s. Then:

F (s′) > F (s)⇒ 1− βF (s′)

1− β
<

1− βF (s)

1− β
(∗)

b+ β

s′∫
wR(s′)

(w − wR(s′))dF (w) > b+ β

s∫
wR(s)

(w − wR(s))dF (w) (∗∗)

Therefore, from (∗) and (∗∗):

b+ β
1−βλ

s′∫
wR(s′)

(w − wR(s′))dF (w)

1−βF (s′)
1−β

>

b+ β
1−βλ

s∫
wR(s)

(w − wR(s))dF (w)

1−βF (s)
1−β

This implies wR(s′) > wR(s) (contradiction). Similar argument applies for the case

wR(i) < wR(j), and we also arrive at contradiction. �

Since the reservation wage is proportional to the value function when unem-

ployed, wr = (1 − β)U , which is also the total utility of the agent at time t = 0

(agent starts unemployed), we also have that U is increasing in skills. This result

implies that in a model with heterogeneity of skills, people have incentives to attain

the highest possible skills, assuming that skill-upgrading is costless and frictionless.
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Figure 5: Several distributions used to calculate reservation wage

This is clearly not the case in the real world, for education is both costly and ’se-

lective,’ in the sense that not everyone can obtain the highest level of skill (at least

not in a short time). Therefore, in the next section, we continue to build on this

framework and introduce trade-offs to skill-upgrading, and use that framework to

see the effect of job polarization (changing F (w)) on this trade-off.

Finally, before proceeding, we note that since the reservation wage is highly de-

pendent on the wage offer distribution F (w), it is hard to characterize any further

of its properties besides monotonicity. For example, we do not even have convex-

ity generally, as we can see from the figure below, that when the variance of the

distribution is low enough, the reservation wage could be concave for high wages. In-

tuitively, low variance reduces the risk of encountering really bad jobs, hence people

are more willing to wait and keep drawing until they find good jobs. We calculated

the reservation wages as function of skill for three simple wage offer distributions,

as shown in figure 5 and 6

We would like to make two observations regarding the reservation wage that are

common for all three distributions (and many more):

(1) Reservation wages for agents with 50th skill percentile or below are very low in

value. Except for those with extremely low wage (the lowest 1% skill percentile),

the maximum ratio of wR(s)
s is around 3%. That is, the reservation wage for
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Figure 6: Examples of Reservation Wage Shape

low to medium skill agents (s ≤ 50%w̄) is very insignificant relative to his wage

limit s.

(2) Reservation wages for agents with skill percentile of 50% or below changes very

slowly. For example, when skill increases from 30% to 40%, even though reser-

vation wage almost doubles, the change in level is very insignificant.

These observations motivate the following two assumptions, which will be used in

the next section:

Assumption 1: (Reservation wage is small relative to skill limit wage)

For 0 < s < 0.5w̄, s− wR(s) ≈ s.

Assumption 2: (Reservation wages change slowly when skill changes)

For 0 < s < s′ < 0.5w̄,
∫ s′
s F (w)dw −

∫ wR(s′)
wR(s) F (w)dw ≈

∫ s′
s F (w)dw.

3.3 Add in Educational Attainment

Now we introduce the possibility of embarking on education and upgrading skills.

Specifically, at time 0, an agent who has current skill s ∈ [0, w̄) can pay a fixed cost

c to increase his skill to the s′ = s + d, where 0 < d ≤ w̄ − s. We define such d as
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the ‘horizon of education,’ and importantly, we assume that this value is common

across all i.7

Let us consider the education decision of agent s ∈ [0, 1]. He will decide to

obtain education so long as his period 0 value function increases by more than cost

of education:

U(s′)− U(s) > c

where again s′ = s+ d. Let Ψ(s) = wR(s′)−wR(s) be the benefit of skill upgrading

of agent whose current skill is s. We have a straight forward result:

Proposition 2: Higher horizon of education d and lower education cost c in-

creases the percentage of population obtaining education.

Proof: We only need to prove that Ψ(i) is increasing in d. The latter is clear from

the definition. For the first claim, higher d implies higher s′ from a given s. Higher

new skill s′ implies, from our proposition 1, higher reservation wage wR(s′). As a

result, Ψ(i) = wR(s′)− wR(s) increases with d. �

3.4 Effects of Polarization

In this section, we want to analyze how polarization, the hollowing out of middle-

skill jobs, affects the supply of skill, i.e. percentage of agents who upgrade their

skills. In other words, we want to characterize the effect of changing F (w) on the

benefit of education Ψ(s) = wR(s+ d)− wR(s). In the analysis that follows, we fix

the cost of education c in order that changes in benefits of education Ψ(s) translate

directly into skill upgrading decision. Let us define a concept of polarization that

we can use to analyze this phenomenon theoretically.

Definition: (Single-crossing property): Two cumulative density functions (cdf)

F (w) and G(w) which share the same support [0, w̄] are said to satisfy the single-

crossing property if and only if ∃ ŵ ∈ (0, w̄) such that F (w) < G(w) for w ∈ (0, ŵ),

F (ŵ) = G(ŵ), and F (w) > G(w) for w ∈ (ŵ, w̄).

7The rationale behind this assumption is that ‘education’ and ‘going to college’ does not carry
the same meaning for different agents in the economy. To provide a very stylized example, someone
who is at the 30th skill percentile and finishing college degree from a low-rank university is arguably
not likely to be at the same level as a Princeton University graduate. This assumption is to recognize
the fact that there is higher education available for everyone to upgrade skills, yet the one’s outcome
post-graduation is still conditional on his original skill level: s′(s) = s+ d.
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Note that this definition is not symmetric, since one distribution has fatter tails

than the other. Let us use the notation F (w) 7→ G(w) to indicate that the two

distributions have single-crossing property, and G(w) has fatter tails. With this, we

can define polarization:

Definition: (Polarization) An economy experiences polarization if its job distribu-

tion changes from F (w) to G(w), where F (w) 7→ G(w).

G(w)

F(w)

w

CDFs

G(w)

F(w)

w

PDFs

Since the equation that implicitly defined the reservation wage wR(s) depends on

the region of integration [0, s], polarization has different effects on different agents

in the economy. To see this clearer, let’s rewrite wR(s) and the benefit of education

Ψ(s):

wR(s) =
1− β

1− βF (s)

(
b+

β

1− βλ

∫ s

wR(s)
w − wR(s)dF (w)

)

=
1− β

1− βF (s)

b+
β

1− βλ

(w − wR(s))F (w)

∣∣∣∣∣
s

wR(s)

−
∫ s

wR(s)
F (w)dw


=

1− β
1− βF (s)

(
b+

β

1− βλ

[
(s− wR(s))F (s)−

∫ s

wR(s)
F (w)dw

])
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Ψ(s) = wR(s′)− wR(s)

=

(
1− β

1− βF (s′)

)(
b+

β

1− βλ

[
(s′ − wR(s′))F (s′)−

∫ s′

wR(s′)
F (w)dw

])

−
(

1− β
1− βF (s)

)(
b+

β

1− βλ

[
(s− wR(s))F (s)−

∫ s

wR(s)
F (w)dw

])

=
β(1− β)[F (s′)− F (s)]

(1− βF (s′))(1− βF (s))
b+

β

1− βλ
ξ

where

ξ = [s′ − wR(s′)]F (s′)− [s− wR(s)]F (s)−
∫ s′

s
F (w)dw +

∫ wR(s′)

wR(s)
F (w)dw

Now, using assumption 1 and 2 which were motivated in the previous section, and

assuming for now that employment benefit is insignificant (b ≈ 0), we can approxi-

mate the gain of skill upgrading for low and medium skill agents (s ≤ 0.5w̄):

Ψ(s) ≈ β

1− βλ

[
s′F (s′)− sF (s)−

∫ s′

s
F (w)dw

]

With this approximation, we are ready to prove what we proposed at the beginning,

that polarization reduces the incentives of skill upgrading for some certain group

of people, and it does so by depleting the amount of jobs available between the

pre-upgrade and post-upgrade skill levels (s and s′ = s+ d). In particular, the peo-

ple whose current skills are just below the polarized region will be affected. From

hereon, we call this group of agents the lower-middle skill agents. Formally, we

have a sufficient condition:

Proposition 3: (Lower-middle skill agents value education less due to polar-

ization)

If an economy experiences polarization F (w) 7→ G(w) centered at ŵ,8 then there

exist two wage thresholds w1, w2, 0 ≤ s1 < s2 ≤ ŵ such that Ψ(s)|F (w) < Ψ(s)|G(w)

for all s ∈ [s1, s2], where Ψ(s)|Φ(w) denotes the benefit of skill upgrading for an agent

whose current skill is s, evaluated using the wage distribution Φ(w).

8Recall the definition of the single-crossing property: F (w) 7→ G(w) means ∃ ŵ ∈ (0, w̄) such
that F (w) < G(w) if w < ŵ, F (w) > G(w) if w > ŵ, and F (ŵ) = G(ŵ)
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Proof: Set s1 = ŵ − d. Therefore, for all s1 ≤ s ≤ ŵ, we have s′ = s+ d ≥ ŵ. As a

result, due to the single-crossing property, we have that

s′F (s′) > s′G(s′)

sF (s) < sG(s)

Therefore, for all s ∈ [s1, ŵ], we have

s′F (s′)− sF (s) > s′G(s′)− sG(s) (6)

Note a subtle point that the change in distribution changes the area under the CDFs,

not the skills s and s′, since we are still analyzing the same person of skill s.

To look for the upper bound s2 that allows us to have the sufficient condition, we

note that if s = s1, then s′ = s1 + d = ŵ, so for ∀w ∈ [s, s′) we have F (w) < G(w)

(single-crossing property). This implies that

∫ s′

s
F (w)dw <

∫ s′

s
G(w)dw ⇔

∫ s′

s
F (w)dw −

∫ s′

s
G(w)dw < 0 (7)

At s = ŵ ⇒ s′ = ŵ+ d, by the single-crossing property again, we have ∀w ∈ (s, s′],

F (w) > G(w). As a result:

∫ s′

s
F (w)dw −

∫ s′

s
G(w)dw > 0 (8)

Let us take for granted, though it can easily be shown, that the function χ(s) =∫ s′
s F (w)dw −

∫ s′
s G(w)dw is continuous and monotonically increasing. Therefore,

from (7) and (8), there must exist a value s2 ∈ [s1, ŵ] such that χ(s2) = 0. Therefore,

for all skills s1 ≤ s ≤ s2, we have χ(s) ≤ 0. Equivalently:

∫ s′

s
F (w)dw ≤

∫ s′

s
G(w)dw, ∀ s ∈ [s1, s2] (9)

Combine (6) and (9), we establish that for ∀ s ∈ [s1, s2]:

s′F (s′)− sF (s)−
∫ s′

s
F (w)dw > s′G(s′)− sG(s)−

∫ s′

s
G(w)dw
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or, equivalently,

Ψ(s)|F (w) > Ψ(s)|G(w)

This completes our proof. �

We would like to make a comment

Figure 7: Lower-middle skill agents

This proposition did not prove anything about the aggregate change. Rather,

it identifies a fraction of the population, the lower-middle skilled agents, that are

affected negatively by polarization for sure, in the sense that their valuation of

obtaining education and skill-upgrading was lowered because of the hollowing-of-

the-middle. For example, if polarization depletes jobs from the 40th to 60th skill

percentile, then those around the 30th to 45th skill will be worse off, and may

now choose not to pursue higher education anymore. This proposition, therefore,

has important policy implication, since it identifies the most vulnerable workers

in an economy of polarization. A budget constrained government can focus their
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spending on subsidies for lower-middle skilled agents to maintain the rate of college

enrollment, for subsidies for the higher or lower skill groups may be ineffective if po-

larization is not strong enough to dominate their natural skill-upgrading incentives.

For instances, agents at 60th skill percentile or so will always find skill-upgrading

attractive and hence choose to do so with or without the government subsidies.

In summary, here we have proposed and proved that polarization not only acts

up on the demand side, but also a source of the decrease in the supply of high

skills, which together creates the ”high-demand, low-supply of high skills” and ”high

college premium” paradox. In the next section, we provide a simple calibration of the

model, and the results we get turn out consistent with the theory: the only people

who changed their decisions from acquiring to not acquiring skills are exactly the

lower-middle skill group.

4 Calibration

4.1 Partial Equilibrium with Hypothetical Wage Distributions

Agents

In this simple simulation, we look at a grid of 1000 agents, corresponding to 1000

skill levels: 200, 400, 600,..., 200000. An agent of skill s cannot look for jobs that

pay wage higher than s.

Parameters

The duration for each period is taken to be two weeks; that is, searching and firing

decisions are considered every two weeks. The support of the wage distribution is

[0, 8333]. That is, we take the maximum annual wage to be 200, 000, so the 2-week

maximum wage is

wmax =
$200, 000

52
× 2 ≈ $8, 333

We borrow the steady state discount factor, β = 0.9985, 9 as well as the firing rate

1− λ = 0.009 from Ljungqvist and Sargent (1998).10

9This value is higher than the annual discount factor β = 0.96, which is commonly used in the
literature

10For each firing rate (1− λ), the length of each job for an individual follows a geometric distri-
bution. This particular value of λ was set by Ljungqvist and Sargent (1998) to make the average
length of an individual’s job roughly 4.3 years. Please see their paper for more details.
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Unemployment benefit is taken to be b = $293 × 2 = $586 per two weeks. This is

a rough estimate, since the real benefit depends on the duration of unemployment

and vary by states, both reasons being beyond the scope of our analysis.

Cost of education

Using data from the National Center for Education Statisttics, the cost of education

c in the model is calibrated to the average cost of attending a 4-year institution,

around $21, 657 annually. 11

Distributions

For this example we use two hypothetical distributions, F (w) ∼ N(wmax/2, wmax/5)

and G(w) ∼ N(wmax/2, wmax/4), as shown in figure 8. The latter distribution has

bigger variance, and therefore, is a mean-preserving spread of the former.

Figure 8: Mean-preserving spread distributions

Result

The benefit of skill upgrading for each skill percentile is presented in figure 11.

As we can see, polarization has increased the benefit of skill upgrading for really

low-skill agents (those who can only take the 20% lowest paid jobs) or high-skill

agents (those who can take the top 10% most well-paid jobs). This is inevitable,

11Data: http://nces.ed.gov/fastfacts/display.asp?id=76
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since more jobs have appeared in the low-wage and high-wage sector. However, a

majority of workers in the economy (from 30th to 90th skill percentile) now have

less benefits from skill-upgrading. With this reduction, some agents who previously

would choose to enroll college would now choose not to do so, if their benefits fall

below the tuition cost.

Figure 10 demonstrates the decision of whether an agent of skill s ∈ [0, wmax]

would go to college. The x-axis is shown in percentile for easy reference, and the

y-axis refers to decision. A dot above the y = 0.5 line means that the agent of

skill s will choose to upgrade his skill, and vice versa. For the low-variance (pre-

polarization) economy, agents whose skill is from 42.2% to 93.1% would update his

skill, while under the high-variance (post-polarization) economy, only those of skill

46.8% and above would do so. Therefore, there is a reduction of 46.8− 42.2 = 4.6%

of the population who choose to not upgrade their skills anymore due to the effect

of polarization.12

Figure 9: Benefits of Skill-Upgrading by Skill Percentile for Hypothetical Wage
Distributions

12Of course, this is inaccurate, since our wage distribution isn’t uniform.
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Figure 10: Skill-Upgrading Decision for Hypothetical Wage Distributions

4.2 Modeling Real World Wage Distribution

To see the magnitude of the effect of polarization on the supply of skills as proposed

by our model, we calibrate the wage distribution of our model to that of the United

States in three different decades: year 1990, 2000 and 2008. Note that the wage

distribution F (w) that we have used so far for the theory is the distribution of

wage offer, for which to the extent of our knowledge the data is nonexistent. Here,

we proceed with an assumption that each agent perceives the wage distribution to be

representative for the wage offer. That is, one observes the relative employment ratio

for each pair of jobs and considers that figure the same for current hiring. Another

change from our previous analysis is the interpretation of skill s. Throughout, we

equally space out a grid of s from [0, wmax], i.e. we consider max wage earned that

is uniformly distributed within the support. As we find later, the wage distribution

is indeed not normal, like what we have done thus far, but rather log-normal. This

changes nothing to our theory part. However, to produce nicer graphics, we now

consider 1000 agents of skill s, in which s is log-spaced instead of linear-spaced

across the support. In fact, the approximation of skill by log-wage instead of wage

is also common in the literature, e.g. as done in Autor and Dorn (2013).

With that in mind, we will then attempt to model the US wage distributions

below.
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The wage distributions

To analyze the wage structure, we used the data from the American Community

Survey (ACS), cleaned and pre-processed for the paper Acemoglu and Autor (2010).

This data set offers a much larger size of samples compared to other similar data

sources, such as the March or May/ORG CPS, and contains more than 6 million

observations for the year 1990 and 2000, and more than 1.5 million observations

for the year 2008.13 Please see the details on the data set in their original paper

(Acemoglu and Autor, 2010).

From the data, we calculate the log of each individual’s biweekly wage (to be

consistent with our analysis so far), and observe that this measure roughly follows a

normal distribution (see figure 13 in Appendix A). We then compute the summary

statistics for these three distributions:

Year 1990 2000 2008

Mean of wage distribution 7.028 7.138 7.157

Standard deviation of wage distribution 0.7704 0.7057 0.7587

The polarization is reflected clearly through the increase of variance over the

years of the wage distribution. Since log-biweekly wage follows

logwX ∼ N(µX , σ
2
X)

for X = 1990, 2000, 2008, we can conclude that the wage w follows a log-normal

distribution with the same parameters. The probability density functions for these

approximated log-normal distributions are provided in figure 14 in Appendix A.

Results

We follow the same procedures as before: obtain the lifetime benefit of education

for each individual’s skill and compare to the average cost of education to get the

time 0 skill-upgrade decision of each skill percentile and the total measure of the

group that chooses to skill-upgrade. The resulting graphs are presented below in

figure 11 and 12:

13The data available for the year 2008 was many times smaller than in 1990 and 2000, but it still
is a very large enough sample to provide consistent estimate.
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Figure 11: The Benefit of Skill Upgrading by Skill Percentile

Figure 12: Education Decision by Skill Percentile

We would like to make two observations:

(1) The benefit of education decreases over the years for all agents with skill per-
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centile from 35 (the lower-middle skill) to 80:

Ψ(s)1990 > Ψ(s)2000 > Ψ(s)2008, ∀ s ∈ [30, 80] percentile

(2) Less and less people choose to upgrade their skills over the years, with the

changes in decision occur entirely at the lower-middle skill (between 40-45th

skill percentile) and there is no change at the upper bound. This is consistent

with Proposition 3 that we proved earlier.

Year Who upgrade skills Total Percentage of skill upgrade ∆ Total Percentage

1990 [39.2, 99.6] 60.4 (NA)

2000 [40.9, 99.6] 58.7 -1.7%

2008 [41.4, 99.6] 58.2 -0.5%

Interpreting the results

One criticism for this model, which we admit, is that the figure 60.4% of the work-

force in 1990 with capacity choose to upgrade their skills seems a lot higher than

any enrollment rate for any age group. In fact, NCES data shows that in 1990, only

57.2% and 42.7% of 19-22 year olds and 22-24 year olds respectively are enrolled in

some sort of education. We acknowledge this limitation, and give two explanations:

(2) Our grid of wages (hence skill limits) is log-spaced, not linear spaced. Therefore,

estimation of reservation wage, which uses only the wages available on the grid,

becomes inaccurate for people at high (80th and above) skill percentile. This

inaccuracy leads to overestimated benefit of education for high skills.

(2) At the same time, our average cost of education of ≈ $21, 657 per year seems

a bit low for the education of high skills (those who attend prestigious private

colleges, or those enrolling in PhD programs). Therefore, this choice of constant

cost of education across skill is rather conservative and yields an overestimation.

This can be improved further by imposing an increasing cost scheme across the

skill: those at higher skills have to pay more to upgrade their skills.

For the aforementioned reasons, our result is an overestimation. However, this

does not invalidate the model, since our purpose from the start was not to predict

the percentage of population that attend schools, but rather to show the effect of
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polarization of skill supply, and the result shows exactly just so. Very consistent

with the theory, the result shows that polarization changes the behavior of lower-

middle skill agents by lowering their benefits of skill upgrading. Moreover, we do

not just get a demonstration of the theory, but the quantitative result is valid also.

Specifically, our result shows that causes around 1.7% of the labor force to change

from upgrade to not upgrade their skills from 1990 to 2000, and 0.5% from 2000 to

2008, and these estimates are reliable, since wages at the lower end are very well

approximated (finer log-spaced grid at the lower end), and do not suffer from the

same inaccuracy above.

5 Conclusions

This paper is an initial attempt to look at the effects of polarization the supply of

skills, in contrast to the focus on demand side in current literature. The argument

is rather simple: The disappearance of jobs in the middle skill range lowers the

value of education for those who are at the lower end of polarization, since they are

getting extra skills over a region where jobs are no longer available. Using the classic

sequential job search model with three extensions: (1) heterogeneity of skills, (2)

skill-upgrading has limited effect (not everyone can become the best worker) and (3)

skill-upgrading is costly, we were able to prove theoretically a sufficient condition for

the ’certain victims’ of polarization: if one is right below the polarized region (where

jobs are lost), he/she loses value of skill-upgrading for certainty. This proposition

was again confirmed with two calibration, one with the simulated economy with

hypothetical wage distributions, and the other with the actual wage distributions

obtained from large-sample empirical data. While acknowledging that the result is

overestimated at higher skills, we also explain why the figures that we care about

in this paper, those at the lower-middle skill, are reliable, both qualitatively and

quantitatively.

It is worthwhile to note that this result has singled out the effect of polarization,

therefore we observe a decreasing total percentage of education enrollment as a

result. This, however, is not the case in the data, as one observes an increasing

education enrollment over the year. To this extent, we would like to reiterate Autor’s

argument in his paper Autor (2011), that we do not want to explain ’decrasing

supply of skill’ (which is not true), but rather the ’decelerating supply of skill.’ Our

model says that when combined with other factors, such as the financial crisis, the
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net enrollment in higher education may increase, however, it could have increased

by another 1% if we had not had the effect of polarization. This paper, therefore,

successfully addresses why polarization decelerates skill supply.

In this paper we did not consider the general equilibrium, since skill upgrading

is a partial equilibrium decision. However, there are several simplifying assumptions

in this model, such as skill upgrading decision can only be made at time t = 0, cost

of education is fixed across the band of skills, etc. Relaxing these assumptions will

allow us to understand more the dynamics of decision making, i.e. when people

upgrade their skills and why, under the overall theme of polarization. Also, this

model does not consider the possibility to quit jobs, as well as the time cost (beside

money cost) of skill-upgrading, which will to some extent affect the empirical results

of our calibration. Clearly, much work can be done to improve the accuracy of the

model presented in this paper.
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6 Appendix A

Figure 13: The distribution of log biweekly wage of the US in 1990, 2000 and 2008
are roughly normal
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Figure 14: Log-normal distributions of biweekly wage of the US in 1990, 2000 and
2008
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